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Using non-extensive statistical mechanics, the Bekenstein-Hawking area law is obtained from
microstates of black holes in loop quantum gravity, for arbitrary real positive values of the Barbero-
Immirzi parameter(γ). The arbitrariness of γ is encoded in the strength of the “bias” created in the
horizon microstates through the coupling with the quantum geometric fields exterior to the horizon.
An experimental determination of γ will fix this coupling, leaving out the macroscopic area of the
black hole to be the only free quantity of the theory.
PACS numbers:
I. INTRODUCTION
Loop quantum gravity(LQG) provides us with an
estimate of the microstates of a black hole with
given classical area(A), albeit at the kinematical
level, which leads to a precise computation of its
entropy[6, 7]. The whole procedure is completed
in two steps. Step 1: One deals with the field dy-
namics on the horizon to unravel the nature of the
Hilbert space, hence the microstates, associated with
the same. Step 2: Having the estimate of the mi-
crostates at hand, one applies the statistical mechan-
ics to calculate the entropy(S).
The calculation yields S = (λ0/γ)A, where γ is
known as the Barbero-Immirzi parameter[9–11], λ0
is a numerical constant resulting from the underlying
statistical mechanics. Then, demanding that S be
given by the Bekenstein-Hawking area law(BHAL)
i.e. A/4[4, 5], the value of γ is suitably fixed. Now,
the parameter γ represents a one-parameter family
of canonical transformation of the canonical vari-
ables of the classical theory i.e. for every value of
γ the classical equations of motion of general rela-
tivity are valid. And, in the quantum theory γ rep-
resents a quantization ambiguity of the theory like
the θ-parameter of quantum chromodynamics. For
every real and positive1 value of γ there is a valid
quantum theory, but they are unitarily inequivalent.
In principle, if the derivation of the black hole en-
tropy is correct, then the BHAL should follow for all
real and positive values of γ. Hence, the necessity of
choosing γ by hand just for the sake of obtaining the
BHAL is considered as a drawback of this approach
of black hole entropy calculation[12]. It is suggested
that one should obtain the S = A/4 for arbitrary γ.
Hence, a physical explanation behind the tuning of
∗Electronic address: abhishek.majhi@gmail.com
1 γ should be real and positive in the quantum theory because
it appears as a multiplicative constant in the area spectrum
of the black hole[6].
γ and obtaining the BHAL for arbitrary γ, both will
be value additions to the concerned literature. We
achieve these goals by introducing a statistical me-
chanics or rather definition of entropy other than the
one, namely Boltzmann entropy, used in the stan-
dard literature to calculate black hole entropy from
LQG. So, let us provide the physical motivation be-
hind doing that on the first place.
II. MOTIVATION
The physical motivation behind changing the
standard definition of entropy comes from an obser-
vation regarding the two steps involved in the black
hole entropy calculation in LQG.
Step 1 consists of the exploration of the quantum
field dynamics on the horizon. Classically, it has
been shown for the case of Schwarzschild black hole
that the field equations on the horizon can be derived
from the action of a CS theory coupled to an external
source[17]
SCS =
k
4pi
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∫
JIaAIa (1)
where AIa is the CS gauge field, J
Ia is the external
source that is dual to the bulk soldering form both
with respect to the internal indices and the space-
time indices; I, J,K represent the internal gauge
index and a, b, c represent the spacetime indices.
The coupling with the external source represents
the coupling between the horizon and the external
bulk. In the quantum theory these sources repre-
sent point-like quantum geometric excitations on the
horizon[6]. The Hilbert space associated with the
black hole horizon is that of a Chern-Simons(CS)
theory coupled to these point like sources[7]. It is
this field theoretic view-point that originally led to
the estimate of the full microstate counting of the
horizon from from the dimension of the Hilbert space
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of CS theory by Kaul and Majumdar[7], using the
machineries of topological quantum field theory from
Witten’s work[13] and Verlinde’s formula from con-
formal field theory[28].
Step 2 begins with the imposition of a statistical
mechanics. The black hole entropy calculation in
LQG is based on the well-known Shannon entropy
formula2
S = −
Ω∑
i=1
pi ln pi (2)
where pi is the probability of the i-th microstate and
Ω is the total number of microstates of the system
under consideration. Then considering that all the
possible microstates can occur, a priori, with equal
probability, one uses pi = 1/Ω for all i in eq.(2) to
arrive at the formula
S = ln Ω. (3)
Since the estimate of this Ω is now known from the
knowledge of the Hilbert space, the rest is just a
mathematical procedure that leads to S = (λ0/γ)A.
Now, one can easily make the observation that
in Step 2, the computation of the entropy from the
horizon microstates using eq.(2) inherently consid-
ers that the microstates are unbiased. This is pos-
sible only if these states were completely unaffected
by any interaction with some external fields. On
the other hand, in Step 1, we can see that the mi-
crostates of the horizon are described by a quan-
tum CS theory coupled to point-like sources from
bulk quantum geometry. There is a gravitational
coupling or interaction between the horizon and the
bulk. Hence, it seems quite logical to introduce some
different statistical mechanics or rather an entropy
formula more generalized than eq.(2) to take into ac-
count the effect of the coupling between the horizon
and the bulk as a bias in the microstates. Now, the
question is how should the microstates be biased.
The answer has two physical views:
i) From the statistical mechanical viewpoint, the
bias should be such that the entropy calculation
from LQG leads to the BHAL.
ii) From the field theoretic viewpoint, the bias
should be such that it increases with the strength
of the coupling of the horizon microstates with the
bulk geometry.
In this work we show that these two view-
points complement each other quite naturally if
we introduce a generalization of the Shannon en-
tropy(henceforth to be called as q-entropy) to incor-
porate the effect of a bias in the microstates, use
it to calculate the black hole entropy and demand
2 We shall consider the Boltzmann constant to be unity.
it to yield the BHAL. As a consequence, we obtain
the BHAL from the black hole microstates in LQG
for arbitrary real positive values of γ. Nevertheless,
at the end γ should have a fixed value that has to
be determined by experimental means. Once we are
able to do so, the parameter q will become a func-
tion of A which is physically well justified because
of the following reason. The coupling strength be-
tween the horizon and the bulk is dependent on A
as k = A/4piγ. Since q represents the effect of the
bias created in the horizon microstates due to this
coupling, it should also depend on A.
III. THE q-ENTROPY
Originally, the idea behind the introduction of
the notion of q-entropy was to incorporate, at the
statistical mechanical level, the effect of a bias3 in
the probabilities of the microstates of the underlying
quantum mechanical system[1](also, see page 43 of
[2]). The parameter q is called entropic index. In
general we have 0 < pi < 1. Hence, p
q
i > pi for
q < 1 and pqi < pi for q > 1. This implies q < 1
relatively enhances the rare events whose probabili-
ties are close to zero and q > 1 relatively enhances
the frequent events whose probabilities are close to
unity. Intrigued by this fact, the q-entropy was pos-
tulated by Tsallis[1], which is given by
Sq =
(1−∑Ωi=1 pqi )
(q − 1) , (4)
The parameter q is real and in the limit q → 1 one re-
covers eq.(2). To mention, the related branch of sta-
tistical mechanics is known as non-extensive statisti-
cal mechanics(NESM)4 due to its salient features[2].
For equal probability we have pi = 1/Ω for all i. In
this case eq.(4) reduces to
Sq = lnq Ω (5)
where lnq x = (1−x1−q)/(q−1) is called q-logarithm.
The q-entropy for a spin sequence (j1, · · · , jN ) can
be calculated by putting Ω(j1, · · · , jN ) =
∏N
l=1(2jl+
1) in eq.(5). The expression comes out to be
Sq(j1, · · · , jN ) = lnq
N∏
l=1
(2jl + 1) =
[∏N
l=1(2jl + 1)
]1−q
− 1
(1− q) (6)
3 The exact nature of bias in a quantum system can only
come through the study of its dynamics. q-entropy is a
way to incorporate that effect at the statistical mechanical
level. This is the reason to put the word ‘bias’ within quotes
in the abstract.
4 The nomenclature ‘non-extensive’ is slightly misleading(see
page 44 of [2]). However, we use it here as this branch of
statistical mechanics is well known by this name.
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If we consider j1 = · · · = jN = s (say), then eq.(6)
reduces to the following form:
S(s)q := Sq(Nnumber of spin s)
=
[(1 + 2s)(1−q)N − 1]
(1− q) (7)
which was derived in [3]. This is the equation which
we shall implement to calculate black hole entropy.
IV. BLACK HOLE MICROSTATES IN LQG
Now, let us briefly discuss the essential structures
of the quantum geometry of black holes[6, 7]. The
quantum geometry of a cross-section of a black hole
horizon in LQG is described by a topological two-
sphere with defects, usually called punctures, carry-
ing ‘spin’5 quantum numbers endowed by the edges
of the spin network that represent the bulk quan-
tum geometry[6]. Quantum area of the black hole
with spin quantum numbers j1, · · · , jN on N punc-
tures is given by Aqu = 8piγ
∑N
l=1
√
jl(jl + 1) and
the number of microstates is given by
Ω(j1, · · · , jN ) =
N∏
l=1
(2jl + 1). (8)
So, we practically have a system of N statis-
tically independent spins with quantum numbers
(j1, · · · , jN ). The total number of microstates for
a black hole with classical area A is counted by
taking into account all possible such spin sequences
which gives rise to Aqu = A ± O(1). This leads
to the BHAL from LQG, using standard statistical
mechanics, for a fixed value of γ[6]. However, for
a more precise state counting one can see[7] which
leads to logarithmic corrections[8]. Since our aim is
to obtain BHAL from LQG for arbitrary values of γ,
we shall work with eq.(8) and leave the case of cor-
rection terms in the context of NESM for a future
study.
V. BLACK HOLE ENTROPY AND γ
In principle, to find the q-entropy for a given
A of the black hole we need to take into account
all possible such spin sets for which we will have
Aqu = A ± O(1). Mathematically it means that we
have to consider a sum over all possible values of the
spins, considering all possible number of punctures
N , to find the total number of microstates given
5 These ‘spin’ quantum numbers are not to be confused with
particle spins. For an elaborate discussion see [15].
by Ω =
∑
N
∑k/2
j1,··· ,jN=1/2 Ω(j1, · · · , jN ). Then use
that Ω in eq.(5) and extremize the entropy subject
to the area constraint. Avoiding this extremization
procedure and leaving it for future studies, as a first
step of this exercise, we set jl = 1/2∀l ∈ [1, N ].
Physically, this is a good approximation because we
are interested in the scenario N  O(1) which al-
lows us to apply statistical mechanics to the system.
Since 1/2 ≤ jl ≤ k/2 ∀l ∈ [1, N ] and we are looking
at the quantum states with Aqu = A ± O(1) and
A O(1) for large black holes, j1 = · · · = jN = 1/2
satisfies all the conditions most strongly as it yields
Aqu = 4
√
3piγN ' A. Therefore, the q-entropy of
a black hole can be obtained by putting s = 1/2 in
eq.(7) and it leads to
S(1/2)q =
[2(1−q)N − 1]
(1− q) (9)
Now, for j1 = · · · = jN = 1/2, the area comes out
to be A = 4
√
3piγN . Using this result in eq.(9)and
demanding that S
(1/2)
q = A/4, one can solve for γ in
terms of A and q to get
γ =
ln 2
pi
√
3
·
A
4 (1− q)
ln[1 + A4 (1− q)]
(10)
As a fiducial check, it is easy to see that in the limit
q → 1, we recover γ = ln 2/pi√3 obtained in [6]
while calculating black hole entropy using eq.(2) for
j1 = · · · = jN = 1/2. However, the most important
issue here is that, for a given value of A, we can
have arbitrary real positive values of γ depending on
q. A three dimensional plot of the surface given by
eq.(10), viewed along the A-axis is shown in fig.(1).
The cross-section of the surface for A = 106 yields
the curve shown in fig.(2), shown as an example,
which reveals explicitly the nature of γ-q correlation
for this particular value of A. Similarly, one can take
other values of A( O(1)) and check the nature
of γ-q curves to ensure that the overall nature of
the curve remains the same. This brings us at a
position where we can now quantitatively justify our
assertions that we made in the beginning in view
of introducing NESM to calculate the BHAL from
LQG.
VI. THE BIAS AND THE COUPLING
From the statistical mechanical viewpoint, as we
depart from q = 1, the underlying microstates of the
associated quantum system become biased. Generi-
cally, pi being the probability of the i-th microstate,
we have 0 < pi < 1 for any microstate. Hence,
q > 1 =⇒ pqi < pi which relatively enhances the
frequent events i.e. increases the possibility of oc-
currence of the microstates whose probabilities are
closer to unity and q < 1 =⇒ pqi > pi which rel-
atively enhances the rare events i.e. increases the
3
FIG. 1: In this plot we have shown the variation of γ
with A and q using eq.(10). The view along A-axis is
shown to reveal the variation of γ with q explicitly.
possibility of occurrence of the microstates whose
probabilities are closer to zero.
From the field theoretic viewpoint 1/k = 4piγ/A is
the coupling constant which appears in front of the
source fields of the bulk geometry that couple to the
CS theory on the horizon[6, 17]. The field equations
on the black hole horizon is given by
F Iab =
1
k
· ΣIab =
4piγ
A
· ΣIab (11)
where F Iab is the curvature of the CS gauge fields on
the horizon and ΣIab stands for the pull-back of the
soldering form constructed from the bulk tetrads.
It may be noted that the definition of k may differ
by some numerical constants in certain references
depending on the redefinition of the fields. Eq.(11)
is the equation of a CS theory coupled to an external
source with the coupling strength being controlled
by 4piγ/A. Hence, it is quite explicit that, for a black
hole with a given area, γ controls the strength with
which the horizon field theory is sourced and affected
by the bulk fields. Quantization of this CS theory
coupled to the bulk source fields leads to the Hilbert
space of the horizon that provides the estimate of
the microstates.
Thus, for the above viewpoints to complement
each other, the microstates need to get more biased
(i.e. q departs more from unity) as the coupling be-
tween the horizon and the bulk becomes stronger
(i.e. γ increases in magnitude). Quite remarkably,
for q ≤ 1, this is what we can see from fig.(2) which
we have obtained by claiming that the entropy com-
puted from LQG be given by the BHAL for A = 106.
The plot shows that the value of γ increases mono-
tonically as q decreases from unity. Since, for a given
A, γ →∞ is the strong coupling limit, it implies that
the bulk affects the horizon and biases microstates
more strongly as we depart more from q = 1. Hence,
we can conclude that the horizon microstates get bi-
ased due to the interaction with the bulk in a precise
A = 106
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q
5000
10000
15000
20000
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FIG. 2: In this plot we have shown the variation of γ
with q for A = 106 as one example. It shows that γ
can take arbitrary positive values depending on q and it
increases monotonically with decreasing q. This overall
behaviour of the γ vs q remains the same for arbitrary
values of A O(1).
fashion so as to yield the BHAL. All these provide a
physical interpretation of the tuning of γ to obtain
the BHAL from LQG.
Anomalous behaviour of γ: However, there is a
small section of the curve where q > 1 and γ <
ln 2/pi
√
3 as can be seen from fig.(3). In this regime,
the above discussed physics fails because γ decreases
with the departure of q from unity. This implies that
the coupling of the horizon with the bulk becomes
weaker. But there is still a bias in the microstates
due to q 6= 1, although in the opposite sense i.e.
now the more probable microstates appear more fre-
quently. Hence, this section of the curve for q > 1
represents some sort of anomaly which we are unable
to address in the present discussion. We suspect that
some explanation may come out if we study the un-
derlying dynamics of the punctures in a similar line
as in [16]. Further, an analysis of the eq.(10) shows
that γ → 0 as q → (1 + 4/A). This shows that we
can have values of γ arbitrarily close to zero; but
γ can not be exactly equal to zero. This is physi-
cally consistent with the fact that the area spectrum
vanishes for γ = 0 which does not hold any mean-
ing. Although this particular result may seem to be
too trivial to need an explanation, but this analytic
exploration is done just to ensure the behaviour of
γ in this limit as it is not evident from the plot in
fig.(3)(all the plots have been drawn in Mathematica
v10).
Therefore, we can conclude that we have obtained
the Bekenstein-Hawking area law for black holes in
LQG for arbitrary real positive values of γ.
VII. WHEN γ IS EXPERIMENTALLY
DETERMINED
Unlike the classical dynamics, the quantum dy-
namics is affected by γ, as it enters the quantum
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FIG. 3: In this plot we have shown a highly resolved
version of fig.(2) to zoom into the region q > 1 to reveal
its nature as γ → 0. It also shows clearly that, at q = 1,
γ = ln 2/pi
√
3 = 0.12738 · · · .
observables such as the area operator. Hence, the
BHAL should follow from the microscopic degrees
of freedom for all values of γ. In this context, it was
argued in [12] that there could be a running of γ,
the Newton’s constant and an effective renormaliza-
tion of the area in an effective field theory limit that
may result in the BHAL for all values of γ. In this
picture it might be possible that γ has a non-trivial
area dependence. However, whether this flow of γ
is connected or not with the one discussed here, can
only be seen from the dynamics of the theory that
is unavailable currently. In eq.(10), γ has been ex-
pressed as a function of q and A so that one can
figure out the range of its allowance from the plots
i.e. 0 < γ < ∞ and also to explain the relation
between the coupling strength of the bulk with the
horizon and the bias in the microstates, when γ is
unknown. In principle, we should not be able to de-
termine γ theoretically, like the θ-parameter of quan-
tum chromodynamics[24]. To be more elaborate, as
mentioned earlier, γ does not affect the classical dy-
namics of the theory. The classical equations of mo-
tion of general relativity are valid for any γ. Hence,
the semiclassical BHAL should be valid irrespective
of the value of γ. Only the fact that γ appears as a
multiplicative factor in the area spectrum, restricts
it to take real and positive values. The graphical
study of eq.(10) shows that the present exercise ful-
fill all these criteria.
Now, once we can determine γ experimentally to
be γexp(say), then eq.(10) will only give a relation
between q and A given by
ln[1 +
A
4
(1− q)] · γexp = ln 2
pi
√
3
· A
4
(1− q) (12)
Hence, given the area(A) of a black hole(can be com-
puted from the corresponding metric) one can find
the value of the q parameter from the solution of the
above transcendental equation. Hence, the underly-
ing statistics giving rise to the BHAL will be com-
pletely determined by the area of the black hole.
Of course, the statistics will not be the Maxwell-
Boltzmann statistics, but will be the Tsallis statis-
tics whose q-parameter is determined by A through
eq.(12). But, to see that explicitly, one needs to con-
sider all possible spins and find out the distribution
using the q-entropy as the starting point.
The fact that the parameter q has now become a
function of A is physically well justified. It can be
explained as follows. The q parameter in the defini-
tion of the entropy takes into account the effect of
the coupling between the horizon and the bulk as a
bias in the microstates, as we have already discussed.
Now, if we look at the coupling constant or the level
of the CS theory, it is now given by k = A/4piγexp.
So, the coupling strength between the horizon and
the bulk is determined by A. Hence, it is expected
that the bias in the microstates, represented by q,
will also depend on A. This justifies the A depen-
dence of q given by eq.(12).
VIII. CONCLUSION
In course of obtaining the BHAL for black holes
in LQG for arbitrary real positive γ, here we have
set all the spins to 1/2 for the horizon punctures as
a first step of application of NESM in this context.
Hence, one can doubt that the inclusion of all possi-
ble spins may spoil the nice interplay between γ and
q. In order to address this issue, it may be pointed
out that q = 1 brings us back to the scenario of un-
biased microstates. In this case, the inclusion of all
possible spins only change the value of γ that yields
the BHAL(see [18] and the references therein). That
is, one should expect that the graph in fig.(3) cuts
the ordinate at a slightly different point keeping the
overall behaviour same. Nevertheless, to verify this
fact quantitatively may prove to be a mathemati-
cally non-trivial problem, which we have left out for
future study.
Further, it may be mentioned that in [12] it was
pointed out that the BHAL should be obtained for
arbitrary γ, which means γ could be negative and
also complex. In this context, it may be pointed out
that, since γ appears as a multiplicative constant in
the area spectrum, γ < 0 gives negative quantum
area of a black hole. This is completely unphysi-
cal. Hence, the very fact that we do not have γ < 0
as a solution, only strengthens our case of appli-
cation of NESM to obtain black hole entropy from
LQG microstates. This is certainly an advantage
over previous attempts to obtain black hole entropy
from LQG for arbitrary γ[20]. However, we are un-
able to address the case of γ = ±i. This is worth
mentioning because only γ = ±i gives a geometrical
meaning to the connection variables in the four di-
mensional Lorentzian spacetime[19]. But, we fail to
construct a well defined Hilbert space and also the
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area spectrum becomes imaginary, that we do not
know how to explain. It will be interesting to shed
some light on the problem of black hole entropy cal-
culation from LQG using NESM for γ = ±i if we can
ever solve the above issues. Apart from this, from
a broader perspective, this work establishes a key
link between the microscopic theory of black holes
in LQG and the phenomenology associated with the
application of NESM to black hole thermodynamics
problems[25–27]. We hope that our results will lead
to further innovative works in this direction.
Finally, let us end with the following, perhaps the
most crucial, remark. The derivation of the BHAL
from LQG microstates for arbitrary real positive γ
has been possible at the expense of the introduction
of a new parameter in the definition of entropy. At
the end, this parameter has to depend on the area of
the black hole in a specific way so that we obtain the
BHAL . Thus, the definition of the entropy depends
on the area of the black hole and hence, in this sense,
the definition is model dependent[29]. Thus, in real-
ity, the problem has been shifted from LQG to the
definition of entropy[30]. In our view point, it is bet-
ter to keep the problem to the side which we do not
understand very well i.e. definition of entropy, espe-
cially when it is being applied to a quantum gravity
scenario, than to use a standard definition of en-
tropy, considering it as sacrosanct and keep on the
stance that there is a problem with a well-defined
quantum theory as LQG. Rest is up to the reader to
decide.
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